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In how many ways can you place 17 objects into three sets so that the number of objects in each set (presented as circles) are in the ratio 2 : 3 : 4?
Start with a simpler problem!
Two Sets
Place N objects in two sets (with overlaps) so that the number of objects in the two sets is in the ratio of 1 : 2.
[image: ]
Clearly you need at least 1 objects (assuming 1 ≥ 2). Interestingly, this also suffices.
Algebraically, the problem is to solve the equations
[bookmark: OLE_LINK8][bookmark: OLE_LINK9](S1 + S12)2 = (S2 + S12)1 and S1 + S2 + S12 = N, with the variables being non-negative.
This is equivalent to solving
[bookmark: OLE_LINK12][bookmark: OLE_LINK13]S12 – S21 = S12(1 – 2) and S1 + S2 + S12 = N
Or substituting for S12,
S11 – S22 = N(1 – 2) and S12 = N – (S1 + S2). 
A slightly different approach is to set up the equations
[bookmark: OLE_LINK573][bookmark: OLE_LINK574][bookmark: OLE_LINK575][bookmark: OLE_LINK576][bookmark: OLE_LINK577][bookmark: OLE_LINK578][bookmark: OLE_LINK10][bookmark: OLE_LINK11]S1 + S12 = 1; S2 + S12 = 2; and S1 + S2 + S12 = N
for S1, S2, S12 where  is a scale factor between 1 and a suitable sized number.  These are equivalent to S1 = N – 2; S2 = N – 1; and S12 = N – S1 – S2. 
Assuming 1 ≥ 2 leads to the fact that the problem is always soluble as long as N ≥ 1 ≥ 2.
[bookmark: OLE_LINK563][bookmark: OLE_LINK564]Let  and let  = N – (1 + 2). Note that  < 1 + 2.
[bookmark: OLE_LINK559][bookmark: OLE_LINK560]Place 1 +  – 2 objects in S1, place 2 +  – 1 in S2 and place 1 + 2 –  in S12 = S1  S2.
This has the correct ratios and the correct overall cardinality, and the numbers are non-negative.
[bookmark: OLE_LINK561][bookmark: OLE_LINK562]The number of solutions is  where 1 ≥ 2.
The reason is that for k = 1 .. , you can place 1 +  – k2 objects in S1, place 2 +  – k1 in S2 and place k1 + k2 –  in S12,  since  1 ≥ 2. 
But 
A more action-oriented approach is to observe that there are actions that preserve ratios and overall cardinality, and actions which preserve ratios but alter cardinalities.
Denote by M the action which moves 2 objects from S1 into S12 and 1 objects from S2 into S12 . M preserves the ratios and the overall cardinality and increases the number in S12. Its inverse must also preserve ratios and overall cardinality, but decreases the number in S12.
M and its inverse are the only two moves which preserve the ratios and the overall cardinality. There are other useful actions however.
Denote by R1 the action which moves 1 object from S2 into S12 and removes one element from S1. This reduces the number overall but preserves the ratio. Similarly, R2.
These are the only two moves available that preserve the ratios and reduce the overall cardinality by 1. They can be applied in either order without interference. Their inverses increase the cardinality but preserve ratios.
A solution can be achieved by topping up N with  extra objects, assigning all the objects to S1 and S2 so that the desired ratios are achieved, and then applying R1 and R2 as required in order to eliminate the extra objects one by one. This justifies the formula given.
Primitive Allocations
[bookmark: OLE_LINK606][bookmark: OLE_LINK607]As already noted, any two allocations of objects into two sets with specified ratio 1 : 2 can be added to produce a third allocation with the same ratio.
[bookmark: OLE_LINK71][bookmark: OLE_LINK72]A -allocation of objects into two sets is said to be primitive if it is not the sum of two other -allocations for the same ratio. It follows that throughout we can assume that 1 and 2 are relatively prime. An allocation  is said to dominate an allocation  if 1 ≤ 1, 2 ≤ 2 and 12 ≤ 12.
Counter Example
It is very often the case that an allocation that dominates a -allocation actually dominates a primitive -allocation, but it is not always the case. Let  1 = 3 and 2 = 1 and consider the -allocation depicted below in which 1 = 1, 2 = 0 and 12 = 2. Although  satisfies the conditions that 1 + 12 ≥ 1 and 2 + 12 ≥ 2, there is no -allocation  dominated by . 
[image: ]
It all comes down to the relation between 1 – 2 and 1, as will emerge in the proof of the following theorem. It is sensible to assume that 
Theorem
Every -allocation is the sum of -primitive -allocations.
Proof
Let  be an allocation for 1 : 2 for which 1 + 12 = n1 and 2 + 12 = n2 for some positive integer n. We want to show that there is a -allocation τ = [τ1, τ2, τ12] which is dominated by . Assume
Since  dominates a -allocation, assume that 1 + 12 = n1 and 2 + 12 = n2.
[bookmark: OLE_LINK3][bookmark: OLE_LINK4]Put τ12 = min(2, 12). This means that 0 ≤ τ12 ≤ 12.
Put τ2 = 2 – τ12 = max(0, 2 – 12). Then τ2 + τ12 = 2.
If τ12 = 2 then τ2 = 0 ≤ 2; 
if τ12 = 12 then since 2 ≤ 2 + 12,  τ2 = 2 – 12  ≤ 2. 
Now put τ1 = 1 – τ12 = max(1 – 2, 1 – 12). Then τ1 + τ12 = 1. 
[bookmark: OLE_LINK459][bookmark: OLE_LINK460]If τ12 = 2 then τ1 = 1 – 2 ≤ n1 – n2 = 1 – 2 ≤ 1.
if τ12 = 12 then since 1 + 12 ≥ 1,  τ1 = 1 – 12  ≤ 1. 
Thus τ = [τ1, τ2, τ12] is an allocation which is dominated by  and which is -primitive. So  – τ is also a -allocation. Proceeding by induction,  is a sum of primitive allocations.
The latitude for multiple solutions lies in the range determined by 0 ≤ τ12 ≤ min(2, 12).
The theorem can be restated as 
The primitive allocations are the atoms in the partial order on the -allocations induced by the dominance relation.  
Three Sets
This situation is rather more complicated.
[image: ]
Maximum number of objects that cannot be -allocated (cannot manifest the ratios)
Suppose throughout that the given ratios 1, 2 and 3 have no common factors.
There are two extreme allocations for a given multiple n (the concentration of an allocation): 
Widest possible: nk in Sk for k – 1, 2, 3, and none elsewhere, which uses n(1 + 2 + 3) objects altogether
and 
most efficient: n3 in S123, n(2 – 3) in S12, and n(1 – 2) in S1 which uses n1 objects altogether.
[bookmark: OLE_LINK457][bookmark: OLE_LINK458][bookmark: OLE_LINK471][bookmark: OLE_LINK472][bookmark: OLE_LINK834][bookmark: OLE_LINK835]Thus there is a gap between concentrations of n and n + 1 if and only if n(1 + 2 + 3) < (n+1)1 – 1 because for a number of objects N in that gap there would be too many objects to distribute n(1 + 2 + 3) objects as widely as possible, but there would not be enough objects to distribute as efficiently as possible. 

The largest value of n that solves these inequalities is . 
[bookmark: OLE_LINK836][bookmark: OLE_LINK837][bookmark: OLE_LINK587][bookmark: OLE_LINK588]Consequently N =  objects cannot be allocated to 3 sets so that those sets have cardinalities in the ratio 1 : 2 : 3. That it is the largest impossible N follows from the fact that once =, n(1 + 2 + 3) ≥ (n+1)1 – 2 and so for this and larger values of n there are no gaps in the transition from widest distributed allocation of objects to all objects in one set, as N increases.  Solutions for intermediate values of N can be found by adjusting elements into overlaps as required.
The solutions can be ranked according to the multiple of the ratios (concentration) used in achieving the solution.  These concentrations involve values of N between n1 and (n+1)1 – 1.
Note that any two solutions can be added together component wise to make another solution, so some solutions of a given rank may be composed of sums of solutions of smaller rank.
Define a primitive allocation to be an allocation of N objects so that the given ratios are achieved but which is not the sum of other allocations.
Conjecture
Primitive allocations are those which involve exactly k objects in the kth set, so 1 ≤ N ≤ min(1 + 2 + 3, 21–1).
Counter example to a plausible conjecture
Given a distribution  with concentration 2, to try to show that it is the sum of two distributions each of concentration 1, apply a sequence of transformations taking  to the extreme distribution [21, 22, 23, 0,0,0,0]. Then seek to apply the inverse transformations to the extreme distribution with concentration 1, namely [1, 2, 3, 0, 0, 0, 0]. However this may not be possible.
[bookmark: OLE_LINK593][bookmark: OLE_LINK594][bookmark: OLE_LINK595]Consider  = [4, 2, 0, 1, 1, 1, 0]. The sequence 
[4, 2, 0, 1, 1, 1, 0] –> [5, 3, 0, 0, 1, 1, 0] –> [5, 4, 1, 0, 0, 1, 0] –> [6, 4, 2, 0, 0, 0, 0]
[image: ]    [image: ]    [image: ]    [image: ]
However, it is not possible to apply this sequence in reverse to [3, 2, 1, 0, 0, 0, 0]. 
Nevertheless it is the case that [4, 2, 0, 1, 1, 1, 0] = [3, 1, 0, 0, 1, 0, 0] + [1, 1, 0, 1, 0, 0, 0]
[image: ]=  [image: ] + [image: ]

Theorem
Every -allocation is a sum of primitive allocations.
Proof
Assume that  is a -allocation at concentration n for some positive integer n, with 1 ≥ 2 ≥ 3. 
Note that by assumption, 
[bookmark: OLE_LINK57][bookmark: OLE_LINK58]1 + 12 + 13 + 123= n1
2 + 12 + 23 + 123= n2
3 + 23 + 13 + 123= n3
from which it follows that 
2 – 3 ≤ n2 – n3 = 2 – 3 + 12 – 13 so that 2 – 3 – 12 ≤ 2
and that
1 – 3 ≤ n1 – n3 = 1 – 3 + 12 – 23 so that 1 – 3 – 12 ≤ 1.
Construct a primitive -allocation dominated by  as follows.
[bookmark: OLE_LINK45][bookmark: OLE_LINK46]Put τ123 = min(123, 3).
[bookmark: OLE_LINK43][bookmark: OLE_LINK44]Put τ23 = min(23, 3 – τ123), so τ23 + τ123 ≤ 3.
[bookmark: OLE_LINK41][bookmark: OLE_LINK42][bookmark: OLE_LINK23][bookmark: OLE_LINK24]Put τ13 = min(13, 3 – τ23 – τ123), so τ13 + τ23 + τ123 ≤ 3.
[bookmark: OLE_LINK39][bookmark: OLE_LINK40][bookmark: OLE_LINK37][bookmark: OLE_LINK38]Put τ3 = 3 – τ13 – τ23 – τ123, so τ3 + τ13 + τ23 + τ123 = 3. 
[bookmark: OLE_LINK55][bookmark: OLE_LINK56]Put τ12 = min(12, 2 – τ23 – τ123), so τ12 + τ23 + τ123 ≤ 2.
[bookmark: OLE_LINK53][bookmark: OLE_LINK54]Put τ2 = 2 – τ12 – τ23 – τ123, so τ2 + τ12 + τ23 + τ123 = 2. 
Put τ1 = 1 – τ12 – τ13 – τ123, so τ1 + τ12 + τ13 + τ123 = 1
By construction, τ is a -allocation. To show that τ is dominated by  it helps to lay out the cases:
	[bookmark: OLE_LINK49][bookmark: OLE_LINK50]τ123
= min(123, 3)
	τ23
= min(23, 3 – τ123)
	τ13
= min(13, 3 – τ23 – τ123)
	τ3
= 3 – τ13 – τ23 – τ123

	3
	3 – τ123 = 0
	0
	0

	123
	3 – τ123 
= 3 – 123
	[bookmark: OLE_LINK47][bookmark: OLE_LINK48]3 – τ23 – τ123
= 0
	
0

	
	23
	3 – τ23 – τ123
= 3 – 23 – 123
	
0

	
	
	13
	3 – 12 – 23 – 123
≤ 3


[bookmark: OLE_LINK51][bookmark: OLE_LINK52]Applying the same layout to calculating τ2 produces
	τ123
= min(123, 3)
	τ23
= min(23, 3 – τ123)
	τ12
= min(12, 2 – τ23 – τ123)
	τ2
= 2 – τ12 – τ23 – τ123

	3
	3 – τ123 = 0
	2 – 3
	0

	
	
	12
	2  – 3 – 12
≤ 2

	123
	3 – τ123 
= 3 – 123
	2 – τ23 – τ123
= 2 – 3
	
0

	
	
	12
	2 – 3 – 12
≤ 2

	
	23
	2 – τ23 – τ123
= 2 – 23 – 123
	
0

	
	
	12
	2 – 12 – 23 – 123
≤ 2


Finally, applying the same layout to calculating τ1 produces
	τ123
= min(123, 3)
	τ13
= min(13, 3 – τ23 – τ123)
	τ12
= min(12, 2 – τ23 – τ123)
	τ1
= 1 – τ12 – τ13 – τ123

	3
	τ13 = 3 – τ123 = 0;
τ23 = 0
	2 – 3
	
0

	
	
	12
	1 – 3 – 12
≤ 1

	
	13
	2 – 3 – 13
	0

	
	
	12
	1 – 3 – 12 – 13
≤ 1

	123
	3 – τ123 
= 3 – 123
	2 – τ13 – τ123
= 2 – 3
	
0

	
	
	12
	1 – 3 – 12
≤ 1

	
	13
	2 – τ13 – τ123
= 3 – 23 – 123
	
0

	
	
	12
	1 – 12 – 13 – 123
≤ 1


The τ constructed is primitive when  is reduced (no common factors), so every -allocation  that satisfies the cardinality inequality with respect to  dominates a primitive -allocation.  Subtracting τ from  produces another -allocation also respecting the cardinality inequality and so every -allocation is a sum of primitive allocations. 
Furthermore, the method of proof appears to adapt readily, if tediously, to a proof for n sets.
General Question
	Generalisation
	Particular

	[bookmark: OLE_LINK73][bookmark: OLE_LINK74]Given a Z-Module S
	S is the 2n–1 indexed partitions induced on the union of a family of n sets

	[bookmark: OLE_LINK59][bookmark: OLE_LINK60]together with a linear mapping : S  –>  Zk for some k
	  is the calculation of cardinalities of the sets:
() = (1 + 12 + 13 + 123, 2+ 12 + 23+ 123, 3 + 13 + 23 + 123)

	Let P be the cone in M consisting of all elements of M with all coordinates non-negative.
	members of S that represent actual allocations of object to sets

	Let  be a positive member of Zk (all coefficients positive, no common factor) and let R = –1(<>)
	 = (1, 2, 3)
R = all elements of S which may have negative coordinates

	[bookmark: OLE_LINK63][bookmark: OLE_LINK64]Define the -allocations A to be the non-negative elements of S which are also in R, so A = S  P.
	A = all -allocations of objects to sets

	For each -allocation  in A, the mapping  specifies a concentration  for a by (a) = .
	[bookmark: OLE_LINK81][bookmark: OLE_LINK82]If 1 + 12 + 13 + 123 = 1
   2 + 12 + 23 + 123 = 2
    3 + 13 + 23 + 123 = 3
then  is the concentration of .

	Define the -primitive elements of M to be those with concentration 1, that is, A  -1().
	

	Question: is it the case that all -allocations are generated as sums of primitive -allocations?



Additional structure

[bookmark: _GoBack]The statement that () = k is equivalent to an operator Q: M –> Zn which expresses the ratios. The kernel K of M is finite Z-module.  Interest is in K  P , that is, elements of K with non-negative coordinates.
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