A Study of “Lots of” Numbers
John Mason 
Oct 2018
Background
A sense of number, particularly as a means of counting, is strongly influenced by how collections of objects are arranged for the purposes of counting. Thus the way in which numbers can be shown as pips on a die, based on selections from 9 possible positions, helps to develop a subitising action for digits:
Pictures here
Most ways of arranging dots for counting purposes are based on rectangular arrays, leading to the awareness that so many (column) ‘lots of’ so many (in a column) being perceived as the same as so many (rows) ‘lots of’ (so many (in a row), and hence the commutativity of (whole number) multiplication. But prime numbers quickly become unwieldy as long strings.

12 and 24 as arrays
When children eventually encounter the notion of factors and divisors, their sense of the multiplicative decomposition of a number, the factoring or factorisation of a number tends to be quite weak. My intention here is to develop and exploit a way of presenting numbers as “lots of” which could enrich and develop children’s appreciation of the multiplicative structure of whole numbers.
Origins
I first encountered the idea of what I have come to call “lots of” numbers in an internet video (ref) which displays numbers in sequence in factored form:
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Figure 1a: Numbers from 1 to 9 according to (ref)
Here the displays all fit within the same circle so the disk sizes get smaller.
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Figure 1b: numbers from 1 to 9 in “lots of” form 
The bounding circles can be omitted if desired, though for me they help emphasise the ‘lots of’ idea. My first displays made the overall bounding circle a fixed size, so that the coloured disks (which can be black rather than coloured) varied in size depending on the overall number. But this seemed to me to counter the notion that what we are counting is the coloured disks, rather than circles, so my next version permitted the diagram to be scaled.
The format does not really get going until the numbers get going:
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Figure 2: some composite numbers
I immediately copied the first 50 numbers into a power-point presentation, making it possible to jump around from number to number, as well as to allow time for people to gaze at, and contemplate what at the time I called the necklace formatting of (whole) numbers.
Some time later I tripped over these files again and felt the urge to create my own version. I had a sense that it might be useful to make choices, not only of what number to display, but presenting numbers chosen at random for counting purposes. The idea was to develop children’s experience of counting things by recognising the form of “so many lots of so many lots of …”  and so to think of counting multiplicatively. The user can also specify any number (within reason to be visible!) and then predict what they are going to see before displaying it. 
As soon as I constructed my own applet, I realised that it might be interesting to be able to display all the different ways in which a number could be presented as “lots of”, as this would both emphasise the multiplicity of ways of formatting the same number, provide further experience of interpreting such diagrams as a way to count objects thus underpinning the multiplicative structure of whole numbers, and open up questions to explore: how many different ways are there for any given number, and what structural relationships might there be between these. I then realised that it might be useful to use the “lots of” format for presenting numbers in different bases, because you can actually ‘see’ the base rather than its symbolic form due to place value. Finally, it occurred to me that using the “Lots of” format to present skip counting could help underpin the generality of skip counting, and hence the notion of remainders and so modular arithmetic. These affordances  are unfolded in what follows.
Learning to read “Lots of” diagrams
It requires a certain control of attention to read a “lots of “ diagram, or so I have found, which suggests to me that it is a useful skill to develop simply for that reason. Attending to what is the same, and repeated multiple times requires control of what is attended to while retaining what has been attended to. For example, what number is presented here?
[image: ]
A “lots of’ presentation
Using the random-generation feature of the basic “lots of” applet generates presentations of a wide range of numbers to be interpreted, or read.
“Lots Of” Presentations of the same number
The number 24 is particularly rich when presented in the “lots of” format:
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Figure 3 “Lots of” diagrams for 24
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Figure 3B: lots of diagrams for 30
There are 4 different ways of ordering the prime factors, and so 4 different ways of seeing 24 as “lots of … lots of”.
Task
Now consider the number 54. How many different “lots of” formats are there for 54?
It is of course no accident that there are also 4 formats for 54, because the prime factor structure is the same, though the actual primes differ. Using the applet to explore, develop a conjecture and then justify how to calculate the number of factors from the prime decomposition of a number provides a useful context in which to exercise children’s powers to think mathematically. This is an important structural awareness which is underpinned and developed with further tasks. It raises the question of what numbers have the same number of different formats. One way to initiate this enquiry is with a task such as the following:
Task
What is the largest number less than 300 with the same number of factors as 100?
Comment
What is available is that in addition to numbers of the form p2q2, numbers of the form p4 also have 9 factors, which, being odd, means that the number must also be a perfect square. You can even articulate an answer to the question, how many different forms of number have the same number of factors as a given number!
Skip Counting with “Lots of”
Learning to perform skip counting mentally involves holding in mind the current number and the constant different (the skip count). In this way it is possible (with reasonable skip numbers) to generate a sequence which is as long as desired. But what if someone asks for the 100th number in the sequence, or some other one?
Task
Starting from 3, and counting in steps of 6, what will be the 100th number?
Seeing how the numbers build up by using “lots of diagrams” might more quickly lead children to see that it is the starting number + (the term number – 1) lots of the skip number than when they are presented only with the numerals.
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Figure 4: skip counting from 3 by 6s
Becoming familiar with skip counting for various starting points and various skip values could pave the way for the notion of division with remainders, a topic which often gets rather shorrt shrift if not ignored altogether.
“Lots of” Bases
In the 1960s, under the heading of “new math”, the use of different bases was promoted in order to provide meaning and context for base 10 and place value notation. But as with many useful ideas, it turned into an object of direct instruction. It was abused, over formalised and mis-understood as a pedagogical device, and mocked by the wonderful humour of ref) . Dienes blocks still come in different bases, but work with them requires a lot of transforming flats into rods into units, and the use of “units” can be confusing since at each stage, a different power of the base serves as the ‘unit’.
It is possible that using a “lots of” diagram and counting in sequence could display the whole idea of place value without requiring a great deal of direct instruction.
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Figure 5: counting in base 3 in “Lots of” diagrams
The “Lots of” diagrams might encourage thinking, if not speaking, of “two lots of 3 and 1” for 7 (in base 10), so that counting would proceed as 
One; two; one lot of three; one lot of three and one; one lots of three and two; two lots of three; two lots of three and one; two lots of three and two; three lots of three; ….
The dashed circles are indicators of absence, but as reminders of the structure of what is absent.
“Lots of” and Factors
Experience with multiple ways of building “lots of” diagrams for composite numbers leads very naturally to considering the collection of all factors or divisors of a number. The notion of a ‘factor tree’ seems relatively familiar, but the fact that they form a lattice is perhaps not so often mentioned. To start with, denote each divisor of a number by a red dot, and join two red dots if one is a prime number times the other. The white dot at the bottom is the number 1.
[image: ]
Figure 5: a factor lattice
Task
What numbers could the top red dot be?
The task could be focused on a particular number, showing the primes along the edges and the numbers at the vertices of the diagram, as in the following:
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Figure 6
There are perhaps two interesting and significant consequences of thinking of factors in these terms.
First, each path or thread from bottom to top corresponds to a “lots of” diagram for the top number, and a corresponding thread-counting task:
Task
What links the three kinds of diagrams in figure 7?
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Figure 7: three manifestations of the same sequence of factors
Comment
In the bottom row of figure 7, how many threads are there from bottom to top?
By experiencing the thread-counting diagrams, experience can be gained of using multiplication as a device for counting objects, when it is appropriate. It is one of the key techniques for counting things when there are quite a few, so as to avoid counting each one. Recognising how a count can be achieved using multiplicative structure, often combining several of them, generates both fluency and confidence in counting tasks.
Secondly, the diagram comes in layers, giving rise to a (partial) order relation among the factors of a number. Each factor can be assigned a layer-number, and the layers can be thought of as lying one above another. Such a structure is known as a partial order because only some pairs of elements are related by one being ‘above’ the other in the sense of their being a path or thread in the diagram between the two elements.
Task
Describe how to assign the correct layer number to any factor f of some number N. How does the layer number of f change as N changes?
Task
Why must it be that if f and g are two factors of some number N, then there is a fixed relationship between the layer numbers of f and g and the layer numbers of the gcd of f and g, and their lcm.
Put another way, for any two factors f and g, there is always a uniquely smallest factor which is above both f and g, and a uniquely largest factor which is below both f and g. 
Comment
Lattices like this are called modular to indicate that the sum of the layer numbers of any two elements f and g is the sum of the layer numbers of the smallest element above both f and g, and the largest element below both f and g.
If you select any one factor f of N, then there is a unique factor g of N such that their product is N and they have no factors in common.
 “Lots of” and Common Factors
Instead of telling learners about common factors, children already familiar with the format could be shown the following diagram, and others like it, and asked to “Say What They See” before trying to make sense of it through coordinating and relating features that they notice. In particular, “What is the Same” and “What is changing” are useful pedagogic probes.
[image: ]

Different number pairs can be explored, predicting first and then checking. One can be held fixed and the other can be displayed in sequence, and again predictions can be invited, then justified, until learners have worked out what is happening for themselves. 
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