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In this chapter we suggest that mathematics teacher educators can use the obvious interest of prospective and practising teachers in planning and teaching lessons as a way of drawing their attention to key aspects of student learning. We argue that different tasks have different purposes and that consideration of those purposes can be an effective way of educating teachers. We also argue that converting tasks to lessons is complex and that the structure of lessons should ideally match the type of task. We discuss four types of task: those that foster conceptual understanding, those that develop mathematical fluency, those that create opportunities for focus on strategic competence: and those that create opportunities for use of adaptive reasoning. We also suggest templates for mathematics lessons that match each of these types of tasks. Each of the task types and lesson templates can be readily incorporated into mathematics teacher learning opportunities.
Introduction
In this chapter we examine ways in which the study of classroom tasks and mathematics lessons can be used to enhance teacher learning. We outline some of the affordances of classroom tasks that address four different aspects of mathematics, and illustrate these with four different templates that indicate how such classroom tasks can be used as the basis of lessons.
	We use ‘teachers’ to mean prospective and practising teachers involved in deliberate formal learning situations whom we assume are thinking about how to teach their students.  We use ‘students’ to apply to children and adolescents in schools who are being taught mathematics by teachers. We use ‘lessons’ to refer to the units of learning and teaching used in schools for organisational purposes. 
	We use ‘classroom tasks’ to refer to questions, situations and instructions that teachers might use when teaching students, and ‘tasks for teachers’ to include the mathematical prompts, many of which may be classroom tasks, that are used as part of teacher learning. We are not offering these as definitions, rather they are our attempt to narrow the use of the word ‘task’ to apply to the starting point of mathematical activity, whether it is by students in classrooms or by teachers in educational settings, for the purposes of this chapter. This means we are not going to deal explicitly with tasks for teachers such as ‘compare how students P and Q responded to this task’, although these too are tasks in mathematics teacher education and we assume that everything we say is taking place within an educational context in which such pedagogic tasks are the norm.
Using classroom tasks to prompt teacher learning
Tasks for teachers have multiple purposes in teacher education. Teachers’ engagement with such tasks can:
- inform them about the range and purpose of possible classroom tasks;
- provide opportunities to learn more about mathematics;
- provide insight into the nature of mathematical activity; and
- stimulate and inform teachers’ theorising about students’ learning.
	Teacher educators commonly combine these purposes and provide mathematical tasks, both of familiar and unfamiliar kinds, for teachers so that their engagement as learners is genuine (Watson & Mason, forthcoming). They might learn, for example, about how unfamiliar task types provide different ways of engaging with mathematics, or they might learn how different learners respond to familiar task types. Such learning may be mathematical, pedagogic, or a mixture of both depending on how task aims, discussion and reflection are structured in the teaching session, with a degree of familiarity relating to mathematical content, or task-type, or expected ways of working. 
	Teachers in educative settings often want tasks or task-types that can be used in their own classrooms with minimal transformation, while teacher educators might seek to offer tasks which influence teachers’ learning. Here we combine these aims by concentrating on how teachers can be educated about classroom tasks through reflective engagement with such tasks. The starting point for our considerations is to think about how particular types of task offer the potential for students’ learning, since that is the shared concern of teachers and their educators. By starting with this as the focus, the four purposes given above can be achieved in ways which support effective teaching, and which recognise and build on existing pedagogic strengths, whatever the systemic constraints within which teachers work.
	Stein, Grover, and Henningsen (1996) offered a structure that helps to guide the following discussion. They argued that the consideration of classroom tasks by teachers goes from …
		mathematical task as presented in instructional materials, 
			to …
	…	mathematical task as set up by the teacher in the classroom, 
			 to …
	… 	mathematical task as experienced by students, 
			which  creates the potential for …
	… 	students’ learning.
	We focus on the first two of these steps, specifically the teacher’s choice of a task selected and adapted from available resources, and the use of the task to create a lesson which incorporates it into a sequence of events in a classroom, although clearly the other steps also inform our thinking. The ways in which these steps differ is elaborated later in this chapter.
Connecting tasks to learning
Doing tasks does not guarantee learning. It is possible for teachers and students to act together to reduce a classroom task to a sequence of things to do towards completion, and for students to trail through those ‘things to do’ without engaging with meanings, purpose or ideas. The connection between task and learning is non-deterministic and far from simple. Hiebert and Wearne (1997) propose that ‘what students learn is largely defined by the tasks they are given’ (p. 395) but, while this may be true, Christiansen and Walther (1986) report that ‘even when students work on assigned tasks supported by carefully established educational contexts and by corresponding teacher-actions, learning as intended does not follow automatically from their activity on the tasks’ (p. 262). 
	Christiansen and Walther go on to distinguish between the task as set and the activity that follows,  including students’ interpretations of the purpose of the task, ways of working, teacher interventions, how language and symbols are used and what is seen as valuable mathematical action. Gibson’s (1977) notions of affordance and constraint are useful to help us focus on what becomes possible because the task is set (Watson, 2004). The setting of a task opens up the potential for learning – it gives students things to hear, look at, read, think about, make sense of, relate to previous experience, and so on.  These responses include rejection, confusion, misreading of symbols and other unhelpful responses. The design of a task constrains these responses so that it is more likely that students will focus on the mathematics intended by the teacher, and will draw on the knowledge, actions, and generalities which the teacher hopes will inform the ensuing activity. In addition the idea that students are attuned, through past experience, disposition and enculturation, to respond in certain ways, to transform tasks into certain kinds of activity, offers a language for talking about the non-deterministic nature of tasks. 
	For teachers and their students to achieve learning goals, whatever they are and however they are described, the task must at least afford those goals to be pursued. Different classroom tasks afford different kinds of activity, and students’ experiences of different kinds of activity indicate different kinds of mathematical learning.  When teachers decide to use particular tasks, and types of task, they are making choices about the nature of mathematical activity and learning that might take place; and about mathematics. In our reading of the literature we have found that these aspects which give the tasks purpose and meaning are often implicit.  There is a significant body of research about observing and replicating worked examples (e.g., Atkinson et al., 2000; Moreno 2006); about the design of complex problematic situations (Freudenthal,1973; Brousseau, 1997); and about tasks which address cognitive development (e.g., Swan 2006). Results from these bodies of research can be interpreted to conflict because of a lack of explicitness about pedagogic purpose. 
	In our experience new teachers, and some experienced teachers, often fail to make distinctions about the kinds of learning activity likely to be prompted by a task and may adopt attractive resources because they provide fun contexts, quiet work, material for discussion, or practical activity, without analyzing the nature of learning afforded. Any agenda associated with choice and use of classroom tasks needs to offer distinctions about learning. Teachers need to select and adapt tasks which make it more likely that particular pedagogical goals are achieved, whether these goals are about learning methods; understanding concepts, ideas, and relationships; working, thinking and reasoning mathematically; becoming a better learner; knowing more about mathematics; and so on (Mason & Johnston-Wilder, 2006). In this chapter, the distinctions we make about the nature of learning mathematics in school classrooms are developed from the five strands of mathematical learning described by Kilpatrick, Swafford, and Findell (2001). We have adapted their second strand, ‘procedural fluency’, to include the development of a repertoire of factual and conceptual knowledge which comes to mind fluently when appropriate. Definitions, names, facts, theorems and canonical examples need to be available alongside procedures. Our version of these strands is:
• conceptual understanding—comprehension of mathematical concepts, operations, and relations;
• 	mathematical fluency—skill in carrying out procedures flexibly, accurately, efficiently, and appropriately, and, in addition to these procedures,  factual knowledge and concepts that come to mind readily; 
• 	strategic competence—ability to formulate, represent, and solve mathematical problems;
• 	adaptive reasoning—capacity for logical thought, reflection, explanation, and justification; and
• 	productive disposition—habitual inclination to see mathematics as sensible, useful, and worthwhile, coupled with a belief in diligence and one’s own efficacy.
	For each of the first four strands we show how teachers can learn more about tasks, mathematics, activity and learning. In addition we show how including tasks in some standard lesson templates can raise further educative questions for teachers, and can also enrich the mathematical affordances of tasks. We do not address the fifth strand explicitly since it is connected to the tasks and lessons addressing each of the other strands, and we discuss tasks and lessons which allow for the development of a productive disposition within a pedagogic context extended over time.
From tasks to lessons
So far we have emphasised the centrality of having a learning purpose in mind when selecting, adapting and designing classroom tasks, and have pointed out that the accompanying pedagogic choices make a significant difference to whether students merely ‘do’ tasks or whether they learn mathematical ideas in the associated activity. Mathematics teachers in our countries, for a variety of reasons, tend to focus on individual lessons rather than individual classroom tasks. Planning real or imaginary lessons is seen by teachers as practical and authentic, a worthwhile way to spend time, and helps to provide a direct connection between theoretical considerations and practical imperatives. By considering the effect of stringing various tasks together to form a lesson with overall coherence, the tendency to simplify task intentions described by Stein et al. (1996) can be addressed, along with the long term aim to develop productive disposition. A classroom culture that fosters all five strands of learning over time can be developed and sustained over time through task choice and lesson design which takes into account:  
- the level of implied student choice, in that student choice of focus, approach, and difficulty contributes to motivation (see Middleton, 1995); 
- the potential for prompting communication, in that communication can contribute to effective learning (e.g., Wood, 2005), and is more productive if there is more to discuss than the correctness of the answer; 
- the degree of risk, recognising that not all students respond well when they are uncertain on how to proceed or the risk of failure is high (see Doyle, 1986; Dweck, 2000); and 
- the ‘level’ of potential student engagement: Fredericks, Blumfield, and Paris (2004) described engagement in terms of behavioural, emotional, and cognitive responses. They argued that engagement is enhanced by tasks that are authentic, meaning whether or not students can engage with tasks with the whole of their current sense of self – they do not need to leave their personalities and dispositions at the classroom door in order to participate in mathematical activity. Thus lessons must provide opportunities for students’ sense of ownership and personal meaning, fostering collaboration, drawing on diverse talent, and providing fulfillment and empowerment.
	In each of the following sections we discuss an aspect of mathematical learning from the first four strands. Each section elaborates the nature of the learning associated with the strand, offers illustrative tasks that teacher educators can use with teachers, and proposes a template of a lesson structure to which tasks within that strand can be adapted. We comment on the lesson structures in the light of the emotional and social factors outlined above. We emphasise that we are offering illustrations, and that in every strand there are other, different possibilities. 
Strand 1: Conceptual understanding
It is important to work with teachers sometimes on task types which are generally familiar in schools. Traditional ‘chalk-and-talk’ methods, or whole class teacher-led discussions, can be done in ways which enable students to engage with the meaning of concepts. 
	The conceptual understanding of mathematics can be problematised with teachers in at least three ways. The first is for teachers to develop greater insights into the mathematical thinking that is encapsulated in their own understandings. The second is for teachers to work with topics which are hard to teach and easy to confuse because of their conceptual nature. The third is to know that relational understanding (Skemp, 1977) is always a possibility in mathematics and that this has implications for the way they teach. To work on the first of these, teachers need to become articulate and explicit about how they came to understand concepts; for the second, recognition that mathematics is littered with inherent cognitive difficulties is needed; for the third, teachers need to recognize that their own knowledge might be limited, and what they see as procedures might be reconceptualised as expressions of generalities about relationships. These are elaborated in the following passages.
Insight into the mathematical thinking encapsulated in their existing understandings 
Using concepts which are well-understood by teachers, it is possible to unpick the essential relationships and reconstruct them as ‘discovery’ tasks to show how mathematics derives from general relationships and behaviours.  For example, teachers can be asked to use a calculator to demonstrate the effects of entering any number, using the ‘x2’ button , then using the ‘√’ button. Once the technicalities of using the calculator have been sorted out, school students typically make observational statements such as ‘it’s just the same’ or, if they entered a negative number, ‘it doesn’t work’. Teachers are aware of the relationship between squaring and square-rooting, but the use of the calculator helps them re-engage with this relationship as learners might. The issue to discuss with teachers is how to help students shift from these superficial observations to the notion of inverse, forms of conventional notation, and other representations which might explain what is happening, and also why negative numbers are different. These discussions help teachers appreciate the conceptual depth of topics they already ‘know’, show how simple ‘exploration’ tasks can valuably be incorporated into the curriculum, generate mathematical discussion about ‘why negatives don’t work’, and suggest that reasoning about patterns in results is something all learners can do at an appropriate level. Teachers bring their existing knowledge to the task, but may well end up with richer understandings of concepts (in this case, of ‘inverse’) and of the domains of applicability of concepts. 
Topics which are hard to teach and easy to confuse because of their conceptual nature
Swan (2006), working within a cognitive perspective, devised task types which structure conceptual understanding of hard-to-teach and easy-to-confuse topics. His tasks scaffold the processes of making and refining distinctions, resolving ambiguity, and enacting the mathematical discipline which characterise the interface between conceptual learning and general human endeavour. Some of these tasks require learners to:
- classify objects using properties, definitions, language, distinctions;
- interpret multiple representations by making links between them and forming mental images;
- evaluate mathematical statements, deciding if they are always, sometimes or never true, and generating examples, counterexamples and arguments to justify such decisions;
- create mathematical problems to understand reverse and inverse processes; and 
analyse other people’s reasoning and solutions by comparing methods, solutions, diagnosing errors, and identifying chains of reasoning
	His research shows that these tasks can generate talk about the mathematical ideas and meanings involved. For example, matching fraction, percentage and decimal representations of proportion can to some extent be done using instrumental knowledge, but teachers can be asked to develop such a task further by making up objects which are ‘hard’ to calculate and ‘hard’ to match (using their own definition of ‘hard’), or by being asked to place things in order and provide missing objects. Similar tasks for teachers could be set up with functions and methods of integration; or with polynomials and lists of roots. Thus the teachers explore the extent of their own mathematical understandings, while at the same time learning that the ordinary human activities of sorting, ordering, classifying, naming and so on can be harnessed through such tasks to help students learn mathematics. Often a mathematical idea is hard to teach and learn because it is easily confused with something already known, so questions which encourage learners to make distinctions for themselves are especially valuable.
Relational understanding is always a possibility
The type of relational understanding that Skemp (1977) described is about meaning, about making connections between different expressions of a mathematical idea, about connecting an idea to other known ideas. Relationally understood ideas are easier to remember than instrumentally learnt ideas, and they are more useful within a problem solving context. To illustrate this idea consider the way that Peter first learnt about standard deviation. In the days before scientific calculators, students were taught to calculate the standard deviation of a set of scores using what was termed a raw score formula. It was easy to learn to use the formula but it was not connected in any intuitive way with the concept of spread, or deviation from the mean. Later, when the calculation could be done using a scientific calculator, it was more important to explain what is variance, and why the deviation of individual scores from the mean are squared and then averaged to find the variance. This way of thinking about standard deviation then makes it clearer why variance is connected to correlation, for example. There are many similar instances in which beginning teachers realise that the way they learned to multiply a decimal number by 10 by moving the decimal point to the right, or divide by a fraction (“invert the guy and multiply”), or that negative times negative makes a positive, how to differentiate, and so on, do not make intuitive sense, and these are just rules applied to get a correct answer in the short term. For the most part, teachers have to find the meanings of these various concepts for themselves, but the task of the teacher educator is to indicate that achieving this relational understanding is worth the effort, and that using this understanding in their teaching is crucial.
An illustrative task for teachers: Comparing affordances and constraints of classroom tasks 
As an example of a task that teacher educators can use with teachers to emphasise conceptual understanding, we use the notion of ‘applicability’ as a starting point to develop conceptual understanding, and we offer the task for teachers of comparing a ‘realistic’ approach to relational concept development to a more cognitive approach. This comparison draws attention to the fact that, even if the focus is on conceptual understanding, very different kinds of mental activity can be generated by different kinds of task.  We offer two classroom tasks each concerned with simultaneous linear equations. Teachers can be asked to say what different kinds of activity could follow from each task, and what different sorts of learning are prompted. Teachers could be invited to consider what types of intervention might be necessary to ensure students shift from ‘doing’ to ‘conceptualising’ in each case, and come to know ways to recognise and solve simultaneous equations using these tasks as starting points.
“Realistic” task
Two rounds of drinks were bought, one by Anne and one by Peter.  Anne bought three coffees and two fruit juices and the bill came to £6.70; Peter bought one coffee and three juices and the bill came to £4.80. Now they want to get the money back from their friends so need to know the cost of coffees and juices.
Compare your methods for working this out.
Later, they had a larger group to buy for and Anne’s bill for 13 lemonades and 6 cokes came to £26.20 while Peter’s bill for 20 lemonades and 13 cokes came to £43.70. This time, what do lemonades and cokes cost?
What methods could you use to work out similar problems in future?
“Abstract” task
Using a graph-plotter to help you, find, where possible, two equations in set A which go through each of the coordinate points in set B. Where it is not possible, invent new equations to make it possible.


Set A  
	y = x
	y + x = 6
	y – x = 6

	y + 2x = 6
	2x + 3y = 6
	3x + 2y = 6

	y = 6x + 2
	6y = x + 2
	x + y = 1


Set B
	(3,3)
	(0, 6)
	(2,2)

	(0, 3)
	(2, 0)
	(4, -3)


Make up more sets of mathematical objects which can be matched up like this.
	The first of these classroom tasks presents a “realistic” context, while the second affords the possibility of generalising from the patterns identified by the students. Each type offers the teacher an opportunity to understand that solving simultaneous equations is not just a matter of applying methods, but involves the intersection of relationships. Relational knowledge is not only about application. Indeed, it is possible to do much of both tasks without thinking about solving equations at all. Both need purposeful interaction to shift students towards conceptual and relational understanding. Vygotsky emphasises this when he says “ neither the growth of the number of associations, nor the strengthening of attention, not the accumulation of images and representations, nor determining tendencies – none of these processes, however advanced they might be, can lead to concept formation” (1986, p.107). The central question is what kinds of experience learners need from which they can generalise and how can they be led to develop appropriate abstractions. 
	The teacher development activity of comparing classroom tasks (as above) is most effective if teachers have first done the tasks themselves. This extra turn of the wheel not only brings the discussion into the arena of their professional interest (what can I do in my classroom so that these tasks promote appropriate mathematical activity?) but also enables them to talk about how tasks promote learning through mathematical activity. The pedagogic choices to be made include: 
· what will they see in terms of visual impact, layout and diagrams?
· will they handle actual objects?
· how much familiarity do they need to have with notations and conventions?
· what questions can be asked about their experiences (such as what changes and what stays the same; what is the same and what is different)?
· what key words and ideas can the teacher offer to influence thinking? 
	A further way to engage learners in concepts is to offer multi-stage tasks which are accessible to start with, but which need new ways of thinking about familiar objects. The investigative classroom tasks developed in the UK (e.g., Banwell, Tahta, & Saunders, 1972; ATM, 1980) provide examples of this approach. The challenge for new teachers is to realize that working on and ‘finishing’ such tasks do not in themselves guarantee learning the newly-available concepts. 
An illustrative template for a lesson focusing on conceptual understanding: Active Teaching 
It is also productive to discuss with teachers ways in which tasks that foster conceptual understanding can be used as the building block of a lesson. The following template, adapted from Sullivan (2007), is similar to the lesson structure that Stigler and Hiebert (1999) suggested is representative of mathematics teaching in the U.S., which in turn is similar to that described by Good, Grouws, and Ebmeier (1983) as “active teaching”. It specifies particular activities including: daily review of homework; development (including addressing prerequisite skills, lively presentations, assessment of comprehension, and controlled practice); seatwork; and homework assignment, with the teacher having an active role at each stage. The template supports teaching in which the teacher seeks to develop comprehension of a specific aspect of mathematics, or to foster conceptual understanding of a procedure or technique.
	To illustrate the elements or phases of the template, suppose the teacher wants her class to learn that it is possible to multiply any number by 99 mentally by first multiplying by 100, then subtracting the number. The left hand column of Table 1 is a description of how the template might work in this case. The right hand column in the table is intended to apply to lessons of a similar structure.
Table 1: The Active Teaching template
	In this example …
	Key lesson element

	The teacher poses some examples such as 600 - 6, and 1100 - 11 to check student facility with this pre-requisite skill.
	The teacher revises pre-requisite content with students, and assesses current understandings.

	Teacher poses some examples like 5 × 99, 8 × 99, and asks students to work out the answers. Some students explain what they have done. The teacher emphasises the method:
	5 × 99 = 500 - 5 = 495
	Teacher uses lively methods to illustrate or model aspects of mathematics or procedures, building on suggestions from students, emphasizing relational understanding and making connections with previous learning. The teacher gives one or two carefully varied practice examples, which are reviewed. 

	Further questions are posed, in sets of similar demand on students. The first set might be like 6 × 99, the next set like 11 × 99, and the next set like 25 × 99, and then perhaps extending to 110 × 99.
	Individually or in small groups, students complete further examples, tasks or problems designed to give practice and consolidation of the content that is the focus of the lesson. Teacher monitors work of students, noticing solution strategies, adapting the questions if necessary.

	The students’ responses to set exercises are corrected, and some further examples (e.g., 4 × 99) are posed to check both their accuracy and capacity to explain the process they used. 
The teacher can also draw out the key mathematical points involving the distributive law 
5 × 99 = 5 (100 – 1) etc.
It can also be extended to questions such as 4 × 98.
	The teacher reviews the methods and answers of the students, and attends to particular problems or responses that assist in consolidating the purpose of the lesson. Students might propose questions of their own, and suggest extensions to the technique.


	This lesson template can be used to build conceptual understanding of ways of calculating, and to illustrate a purpose for the distributive law notation.  The template is characterized by limiting student choice, in that the focus and pace are determined by the teacher; there are few opportunities for prompting communication, in that it is either correctness or a particular approach that is of interest; the experience is low in risk for students in that the teacher guides the lesson; the engagement is through the energy, activity, and explanations of the teacher, or perhaps through a student’s innate desire for competence. There is some opportunity early on for students to suggest methods and later to extend the lesson to consideration of the general ways of writing such calculations.
	For all teachers, new and experienced, such a template will be familiar. What is less familiar is to take an analytical approach to specific parts of it and identify exactly where choices might make a difference to overall learning, such as choosing to extend beyond the use of 99, or choosing to use the bracket notation. Marton’s variation theories (2006) draw our attention to the significant advantages in offering variation of different aspects. In the lesson we give above, early examples stay with single digit multiplication, before moving to two digits.  Further variation in the question, and even the use of formal representation, is left until the basic technique can be carried out competently.  Other possible variations can be imagined. Another significant choice is in the nature of questions posed for individual work.  In this lesson, students are asked to imitate or reconstruct the procedure on sets of questions, but it would also be possible to match questions to answers, to work backwards from answers to questions, to sort questions into ‘easy’ or ‘hard’, or ‘those that can/cannot be done by this method’.  Thus the lesson template provides a frame for the teacher-task of imagining alternative choices, and the activity they would afford, which fit into common lesson shapes.
Strand 2: Mathematical fluency
As with Kilpatrick et al. (2001), we see the development of mathematical fluency as one of the goals of mathematics teaching. Teaching which takes mathematical fluency as the learning aim generally focuses on minimising the difficulty and effort required for learners to perform algorithms correctly.  Task designers in this tradition tend to seek to reduce cognitive load by identifying what is intrinsic and what is extraneous (see Bransford, Jones, & Cocking, 1999)). The underlying theory is that the working memory cannot process too much input so complexity leads to inefficient learning (Baddeley & Hitch, 1974). The aim is to offer worked examples from which smooth performance can be imitated or inductively followed. Typically, writers are concerned about how many examples, of what kind, learners need to see before they can successfully do similar examples for themselves. These approaches to teaching have been challenged as not addressing the need for learners to develop conceptual understanding, nor to carry out procedures when the need for their use is not made obvious. Yet not only Kilpatrick and his colleagues, but also teachers everywhere whose students will have high-stakes assessment of a traditional kind, know that procedural fluency is one of the goals of teaching mathematics, and that teachers need to know ways to achieve this effectively. For example, it has been found that showing students a problem before demonstrating a similar example is more effective for complex ideas than offering the worked example without learners knowing why they might need to pay attention to it (Sweller, 2006). As Hewitt (1994) has pointed out, careful design of teaching sequences can ease learners’ enaction of routines and he uses repetition and pattern (aural, visual and physical) to enable learners to gain such fluency. 
An illustrative task for teachers: Comparing and adapting textbook exercises
A standard way to address fluency of procedures is to provide worked examples and follow-up exercises. When teachers use sequences of worked examples and exercises they have to anticipate what learners might attend to so that examples give enough information about generality, without too much irrelevant information and without displaying common features which are unhelpful (Atkinson et al. 2000). New teachers often assume that exercises will automatically ‘provide’ learning without analysing how the whole set is structured and hence what kinds of activity will be prompted. 
	Such assumptions can be challenged by asking teachers to compare the purposes of, say, three textbook exercises which purport to address the same content and to describe how the questions vary and whether such variation helps or hinders fluency; helps or hinders conceptual understanding; or has some other purpose. As with other tasks for teachers, this is more effective when teachers actually do the tasks and appreciate for themselves how the variations affect them. Teachers then find that many textbook tasks appear to be constructed within a general theme of ‘getting harder’, but the ways in which they ‘get harder’ (such as introducing negative signs or fractions) disrupt the growth of pace and automaticity and simultaneously get learners ‘bogged down’ in detail so they cannot grasp concepts either. However, it has been established that disruption after fluency can provide important insights. Anne still remembers an exercise she worked on in 1962 which entailed multiplying two binomials to get trinomials. After doing several of these, and feeling fluent, suddenly she came across a pair which only gave two terms when multiplied together. After a few attempts to get three terms she recognised that the next few questions would also only produce two terms. Fluency itself led to a sense of disruption that fed intrigue. In a more regimented classroom, with a less confident learner, it could also have led to frustration, confusion or deskilling.
	Teachers can also reorganise textbook questions into an order which (a) makes fluency more likely and (b) makes conceptual understanding more possible. 
	While discussing ‘tasks which build the repertoire’, teachers often report that they find it harder to recall how to use ‘SOHCAHTOA’[footnoteRef:2] than to remember the ‘word’ itself. This can trigger a critical discussion about when, whether and how to introduce students to such memory aids. When working on this with teachers we find it hard to keep discussion focused on classroom tasks – often discussion becomes peppered with aids teachers ‘give’ or ‘tell’ their students which might just become ‘more things to remember’. Suitable classroom task types to address the development of repertoire include: devising personal (rather than adopting given) mnemonics, creating visual and audio representations of mathematical ideas, concept mapping, comparing similar concepts, keeping a record of typical and atypical examples and definitions, and creating their own ‘obscure’ examples of ideas. [2:  A mnemonic, widely-used in the English-speaking world, for recalling that Sine is Opposite over Hypotenuse, and so on.] 

	The word ‘practice’ is often used loosely to mean ‘doing several examples’ but it is not always clear what this ‘doing’ is supposed to achieve. Task structures that afford both fluency and memory include: chorusing mnemonics and verbalisations of procedures, working on similar examples within a time constraint, and competing with previous personal ‘best’ in terms of fluency and accuracy. Many teachers use games and investigations which require repetition of procedures to enable automatisation through subordination of repetitive tasks to the more complex task (e.g., Kirkby, 1992) – the mathematical equivalent of becoming a faster and stronger cyclist by taking on a newspaper delivery job.
An illustrative template for a lesson focusing on mathematical fluency: Purposeful Games and Puzzles 
Purposeful games and puzzles (PGP) (see Sullivan, 2007) have potential to form the basis of meaningful experiences which have a focus on the development of mathematical fluency. It is suspected, though, that mathematical learning does not occur optimally merely as an incidental component of engaging in the PGP. In this case, the intent of the template is not only to emphasise the mathematical purpose of the PGP, but also to facilitate development of mathematical fluency in ways that has potential for future use. 
	The following is an example of a mathematical puzzle, adapted from a suggestion by Swan (no date). The puzzle involves a set of rectangular term (or number) cards and arrow operation cards, a subset of which could be: (
3a
3a
2
b
× b
÷ b
× ab
÷ ab
)	In this case, the puzzle is to choose the two operation cards that can be placed between the two term cards to represent the connection. The point is that students have to look for the appropriate operation card to connect the terms and, by doing so, evaluate a range of possible operations simultaneously. It is also self correcting, in that there are unique operations connecting the terms.
	A generic lesson template for using such puzzles, and possible actions for this particular puzzle, follows. Note that fluency is not the only likely learning outcome of such a lesson.
Table 2: Lesson elements for Purposeful Games and Puzzles template
	In this example …
	Key lesson element

	The teacher explains that there are cards on which are mathematical terms, and arrows on which there are operations. The intention is to connect the terms using the operation cards. The teacher might model the process using different but related cards.
	After explaining the rules and purpose of the PGP, the teacher demonstrates the PGP to the class.

	After the students have worked for a while on the task, there can be a class discussion of the processes for deciding which operation card is placed where, after which the students can continue with the puzzle. Students can be invited to describe how they made decisions on operations.
	Students engage in the PGP for a short while, after which there is a teacher-led class discussion of the strategies and or mathematical point of the PGP (also rules and possibilities may need to be clarified)

	The teacher monitors the students’ work as they arrange the cards of the puzzle. It is possible to have both harder and easier sets of cards, for those who finish quickly, and those for whom the puzzle, as it is, is too difficult. Some cards sets might just involve numbers, or easier operations such as addition and subtraction. If necessary, it may be helpful to pose questions such as 
	3a × ? = 3a2b
	The students are then offered further opportunity to engage with the PGP. There can be additional discussion and activity as needed. The teacher or the students can suggest variations, such as making the PGP more challenging for some, or less complex for others. It is possible to group students based on their success at the PGP, so that, for example, students who complete the activity quickly might be grouped together for the next implementation of the PGP. 

	The students can be asked to complete a set of practice exercises on operations with like terms with the goal of emphasizing fluency, and/or students can be asked to create their own sets of term and operation cards.
	The teacher leads a discussion of the strategies and mathematics of the PGP. Specific problems can be posed that allow either fluent practice that focuses on the mathematical point, or extension of thinking.

	The teacher can ask for the students to suggest rules that can guide operations using algebraic terms, and to illustrate how the principles used in choosing the operation to connect 3a and 3a2b can be extended to other operations.
	The teacher summarises the main mathematical ideas. The teacher has an active role to find commonalities, patterns, and principles that can form the basis of the formalisation of the intuitive insights developed during the engagement with the PGP.


	A games format, by generating a need for efficiency and optimisation, encourages adaptation and conceptualization as well as fluency. The following is a description of the game Race to 10 (see Brousseau, 1997). In this game, players take turns to add either 1 or 2 to the previous total. Assuming that the players start at zero, a possible sequence could be as follows:
	Player One
	1
	
	4
	
	6
	
	8
	

	Player Two
	
	3
	
	5
	
	7
	
	10


	One of the mathematical points in this game is that counting on is an efficient way to add. Another aspect of the game, in this case, relates to the existence of a winning strategy. Rather than detracting from its effectiveness, the existence of the strategy enhances the search for mathematical connections. For students in the early school years, it develops the fluency with counting on.
	After playing the game for a short while, it is preferable to have a class discussion of the strategies used. This can assist by clarifying the rules and method of playing, to the process of counting on, and to the existence of a winning strategy. After more playing, possibly with winners matched with winners, there can be a review with some specific problems posed. Note that this game can be played in many ways, including for algebra, for example, by playing Race to 5x + 5y, adding on x, y, or x + y. This latter type of game can be used to develop the type of fluency we are seeking when operating with like terms. This game is an example of Brousseau’s designs of situations didactique (1997) which offer complex explorations which have conceptualization at the core, and hence also relate to strand 1 above. 
	The PGP template focuses explicitly on the importance of the development of fluency, and remembering certain facts or strategies. There is student choice in the strategy to be used, in that students choose not only the game or puzzle strategy but also the ways they solve the mathematical aspect of the game or puzzle; it is medium for prompting communication, so the teacher must take an active role in encouraging students to talk to each other about the choices they make; it is low in risk in that students have some degree of choice and the format is self correcting, and engagement is through the competition or challenge associated with the activity or game. 
	As before, imagining tasks in a lesson context enables teachers to anticipate possible problems and choices. For instance, the template reminds teachers to discuss the mathematics, and not to merely let students solve the puzzle or play the game. It also offers the possibility that designing a new ‘game’ might be as valuable in conceptual terms as doing some practice exercises.
Strand 3: Strategic Competence
Strategic competence refers to the ability to formulate, represent, and solve mathematical problems. New teachers often talk of presenting mathematics as ‘relevant’ and ‘applicable’ to motivate learners, yet the ways in which people use mathematics out of school are different from those used formally, and one could argue that to learn to be mathematical outside school one has to be immersed in the relevant ‘outside’ practice. Learners have to experience a wide variety of authentic problems and discuss explicitly how to work with them, including problems within mathematics, problem solving approaches, investigative, discovery, modelling. Anderson and Schunn (2000) claim that efficient problem-solving has to be preceded by learning some prerequisites, namely the difference between declarative and analogical knowledge; knowledge about application and how to acquire new knowledge; structures of knowledge and how to use it in practice.  Others from a mathematical background, such as Polya (1981) and Freudenthal, believe that one learns to solve mathematical problems by solving problems: Freudenthal (1973, p110) states ‘[t]he best way to learn an activity is to perform it’.
	Teachers can combine conceptual and strategic aims by providing:
i) situations which require thoughtful application of known procedures – for example, in the puzzle described in the previous section;
ii) situations which generate a need to know new procedures in-the-moment; and
iii) situations for which students might create methods of solution.
	Complex multistage problem-solving tasks do not always offer new mathematical insights without the teacher’s intervention to draw attention to significant features, as we saw in the ‘realistic’ task in strand 1. More often, solutions are ad hoc, locally relevant and robust, and learners become better at situated problem solving, rather than learn more conventional mathematics. For teachers the tension is that learners may focus on finishing the task as posed, which may include choosing to pursue it in ways not predicted by the teacher, while teachers may want some mathematical content to somehow ‘come out’ of it. 
	The following comparison between tasks illustrates some of the problem. Each task engages learners in generating numbers and algebraic generalisations. Each task affords the comparison of different algebraic representations and discussion of how these representations relate to the physical properties of the situations. Each task offers extension possibilities to, in the first case, other possible designs and, in the second case, other polygons. The second case, however, also offers knowledge from the conventional mathematics repertoire, a useful fact which is likely to be called on in many future contexts.  The first case may give insight into a relationship between triangle numbers and square numbers (although this is masked by the extra dot), itself a mathematical fact but not one which is drawn on much in school mathematics. 
Pattern seeking and using:
	How many dots? How many ways to count them? Compare ways of counting them?  
Represent one dimension by n. How many ways can you express the total in terms of n?
	



Internal angles of polygons:
How many triangles?  Use the fact that the internal angles of a triangle add up to 180 degrees to find the sum of internal angles in this polygon.  Use the same method to find internal angle sums of other polygons.





	
	An emphasis on problem-solving skills may confuse the issue further, in that teachers may not see that successful solving of a problem has not, by itself, led to mathematical or intellectual progress. Our experience has been that, despite the advice about argumentation and class review (Wood, 2005), the review of student work, in which important mathematical understandings are emphasised and named, is a challenge for teachers. Yet it is through serious review, in which the teacher really listens to what students are saying, that the teacher can recognise what, if any, progress has been made in mathematical knowledge or power. We argue that the attention to the mechanics of review can be an explicit focus of teacher learning sessions. This focus can include the teacher educator modelling a review of the teacher learning, and even collective critique of the teacher educator’s actions. 
An illustrative task for teachers: Thinking about building on the learning of the students
Peter recently highlighted the issue of lesson review with practising teachers. The teachers were posed the task to develop advice, in the form of a mnemonic, for beginning teachers on key actions in reviewing student work after a complex, multi-stage task. One group came up with the mnemonic TEACHER:  
Talk with, not at, the students
Explain any unknown concepts
Acknowledge and attribute any progress
Challenge them further by questioning
Highlight what is known by the group as a whole rather than individuals
Explore the concept further
Revisit the original idea
	We present this mnemonic not as something to be used in itself, but as an example of how teachers working explicitly on a pedagogic issue can raise each others’ awareness and make different teaching skills available.
An illustrative template for a lesson focusing on strategic competence: Imagined Representations 
The Imagined Representation lesson template (Sullivan, 2007) is similar to a “Japanese lesson” (Stigler & Hiebert, 1999; Yoshida, this volume) and is suited to investigations that use a realistic, practical, or pseudo-practical context seeking to foster strategic competence. The template is derived from the activities suggested by Lovitt and Clarke (1988), entitled Estimation with fractions, and How many people can stand in your classroom?  It provides a frame for those task-types discussed above which do not offer students something obvious to do, and supports teachers who are learning how to use less structured tasks than those they may be used to.
	The name, Imagined Representations, relates to the key element of problem solving associated with imagining possibilities. For example:
The height of the Statue of Liberty is 46.05 metres. How long would you expect the arm to be?
	Again, the right-hand column in the following is intended to apply to all tasks and lessons of this type. The left-hand column is a description of how this might work for this particular task:
Table 3: Lesson elements for Imagined Representations template
	In this example …
	Key lesson element

	The teacher asks the students to record an estimate of the length of the arm on the statue. The estimation engenders interest in the answer. 
	After posing and clarifying the problem, the teacher asks the students to record an estimate.

	After discussion, some groups might suggest comparing the length of the height and the arm on a photograph, others might suggest measuring a sample of people to get a common ratio of height to arm length, and others might suggest using ratios used by artists when representing people.
	Students are invited to think about what strategies they might use to calculate an answer, first individually, then brainstorming in a group, and the groups report their strategies to the class.

	The groups of students are allocated to a particular solution strategy, preferably one they have suggested. Using whatever resources are required, they implement the particular strategy and prepare a report.
	Groups choose (or are allocated) a strategy, they implement the strategy to find an answer, and prepare a report. The teacher monitors the work of the groups, ensuring that all students are involved in the strategy implementation, and anticipating groups who might report at the next phase.

	The students report on their strategy including indicating their estimate of the length of the arm. The teachers can ask questions about the most accurate method, desired levels of accuracy, and the most efficient method.
	The teacher leads a review of responses, including attending to issues such as efficiency of a strategy, and appropriateness of the degree of accuracy. Ideally the teacher selects few rather than all groups to report, particularly those that are likely to contribute to the purpose of the activity. 

	Some similar ratio tasks can be posed that allow students to practice the skills, or prompt for transfer to alternate situations.
	Students complete more problems or exercises that consolidate the principles identified in the investigation or prompt transfer to a related context.

	The teacher emphasises the process for calculating ratios, which is the purpose of posing the task in the first place, as well as the steps necessary to ensure that data collected are accurate.
	The teacher summarises the main mathematical ideas addressed in the activity. One key aspect of the teacher’s role is to emphasise the “dimensions of variation” (Marton, 2006) inherent in the range of strategies and modes of communication of solutions that arise.


	While it is difficult for the teacher to predict what will happen, this particular activity provides a context for introduction of proportional reasoning and probably for application and reinforcement of estimation and measurement of length. It includes a metacognitive element, in that it is contributing to students’ awareness not only of the possibility of multiple appropriate strategies, but also of the usefulness of planning.
	There is student choice of strategy, since they suggest which strategy to use; it is high in potential for prompting communication, in that students would be keen to explain what they found and how they found it; there would be medium risk in that, while the students have some degree of choice, what they are required to do is ambiguous; and the engagement would be through both the potential for choice, and the inherent interesting nature of the task. 
	This lesson template is applicable to any practical or realistic task that requires investigation or consideration of strategy by the students, especially where there is a need for students to imagine a representation. 
	As we said earlier, teachers need to work through such tasks, perhaps with others, to fully understand the affordances and constraints and hence what kinds of learning might take place. After this, it can be useful to pool teachers’ conjectures about how students might respond, and what to do with particular kinds of response. There is a difference between lessons in which teachers are listening for certain anticipated responses, and lessons in which teachers are genuinely listening to students, but a role play offering certain responses can at least prepare teachers for some of the possibilities.
Strand 4: Adaptive reasoning
Adaptive reasoning includes the capacity for logical thought, reflection, explanation, and justification. For students to develop this we need classroom tasks which focus on adaptive reasoning, rather than on methods, concepts, problems, fluency and memory. Task types which focus on reasoning could be used as isolated questions, but are probably more appropriately combined and embedded in complex tasks, as elements of overall design. Whereas a concept-focused task might use ‘sameness and variation’ as an intellectual tool to get at particular features of some objects, the same task, but with a reasoning focus, might be about developing the use of  ‘sameness and variation’ as a way of acting on any mathematics. If the aim is to learn a concept, then the teacher will emphasise the concept; if the aim is to develop reasoning, then the teacher will talk about the purpose of identifying sameness and difference. When the focus is on developing the skills of mathematical enquiry, teachers typically are not interested so much in content knowledge or curriculum coverage, but in the development of being mathematical, a culture of mathematics, within the social world of classrooms. For new teachers, experience of working with such task structures for themselves provides a way to become more articulate about reasoning, and hence to be able to encourage reasoning through language.
	Reasoning can be included as a focus throughout teaching, so that new teachers working in placement schools can fulfil existing expectations of curriculum coverage yet also enrich the existing ways of teaching in the school. Teachers need a repertoire of the specific reasoning skills of mathematics in order to embed them throughout their teaching. such as: asking about sameness and difference (Brown & Coles, 2000); talking about how an example represents a whole class of objects (Mason & Pimm, 1984); asking students to create their own examples (Watson & Mason, 2006); asking students to conjecture about other possibilities (Brown & Walter, 1983/2005); and playing with extreme examples. Cuoco, Goldenberg, and Marks (1996) offer a further list: justifying claims, proving conjectures, seeing logical necessity; analysing answers and methods, visualising, interpreting diagrams, translating between representation, looking for invariants, generalising, seeking similarities in structure, and developing inner sayings about relationships and methods.
An illustrative task for teachers: What sorts of thinking did I do when ….. ?
A suitable task for teachers to focus on adaptive reasoning is to pose situations which will require the teachers to learn new mathematics or at least to engage with known mathematics in new ways. When teachers work together exploring some mathematics which is new to them, they can generate the kinds of language listed above for themselves, although sometimes this has to be ‘seeded’ by the teacher educator naming what they are saying.  For example, a teacher might say ‘I tried a few numbers…’ and the teacher educator might name that as ‘exemplifying’; another teacher might say ‘I looked to see what would happen if…’ and the teacher educator might call this ‘controlling variables’.  In our experience, the more these language forms become habitual among teachers, and between new teachers and their tutors and mentors, the more likely they are to inform planning and classroom discourse. Without this ‘habituation’ they stay as ‘more to do’ and can be lost beneath the pressures of curriculum coverage.
An illustrative template for a lesson focusing on strategic competence: The What if? template
The What if? template is useful for open-ended and mathematically-focused investigative tasks. Opening up tasks can engage students in productive exploration (Christiansen & Walther, 1986), enhance motivation through increasing the students’ sense of control (Middleton, 1995), and encourage pupils to investigate, make decisions, generalise, seek patterns and connections, communicate, discuss, and identify alternatives (Sullivan, 1999). The term “what if” is used to highlight the role of the teacher in prompting the dimensions of variation inherent in such tasks (Brown & Walter, 1983/2005; Marton, 2006)
	The following is an example of a task suitable for this template:

You have a box that needs 1 m of string to tie it up like this. What might be the dimensions of the box?
Assume that 30cm is needed to make the bow.

	The generic lesson template, and possible actions for this example task, are as follows:
Table 4: Lesson elements for the What If? template
	In this example …
	Key lesson element

	The teacher might pose the problem, clarifying terms and meanings. The students might be invited to record their answers systematically. The teacher might pose a preliminary problem such as “how might you calculate the length of the string on this box without untying it?” 
	Teacher poses and clarifies the purpose and goals of the task. If necessary, the possibility of multiple responses can be discussed.


	The teacher monitors the work of the students. For students who have difficulty answering the initial question, the teacher might prepare some boxes and loose string for students who might need to tie up a box, or a box covered in a streamer that could be cut into sections. 
For students who produce one or more correct responses, the teacher might ask them to find as many answers as possible, the smallest box, the nicest box, etc.
	Students work individually, initially, with the possibility of some group work. Based on students’ responses to the task, the teacher poses variations. The variations may have been anticipated and planned, or they might be created during the lesson in response to a particular identified need. The variations might be a further challenge for some, with some additional scaffolding for students finding the initial task difficult.

	Some students with simple strategies might be invited to demonstrate those to the class. Next, the teacher might choose a student who had produced an organised response to summarise their answers to the whole group. Students who have different responses can be invited to contribute their answers.
	The teacher leads a discussion of the responses to the initial task. Students, chosen because of their potential to elaborate key mathematical issues, can be invited to report the outcomes of their own additional explorations.


	Finally, the teacher can summarise the successful strategies and the collective responses. Again this is the key part of the lesson for drawing out the patterns, commonalities, and generalisations.
	The teacher finally summarises the main mathematical ideas.


	
	A lesson in this template focuses on adaptive reasoning although there are also possibilities for fostering conceptual understanding and strategic competence
	There is student choice in the strategy to be used, in that they can choose the degree of difficulty, and the mode of representation; it is a good task for prompting communication, in that students have the products of their own explorations to contribute; it is low in risk in that students have choice in strategies and the level at which they work; and the engagement is through their choice of strategy and the challenge of the task. 
Conclusion
Effective mathematics teaching requires the alignment of a variety of complex factors, and education of the mathematics teacher should ideally prepare teachers for the challenge of addressing each of the factors.  Basically we have argued in this chapter that, while there are many others aspects of teaching to learn, both prospective and practising teachers can benefit from the study of the affordances of classroom tasks, and the ways that these can be incorporated into lessons. We adapted the strands of mathematics knowledge as proposed by Kilpatrick et al. (2001) to illustrate the ways that these each contribute to mathematics learning and mathematics teacher learning; we offered illustrative suggestions of tasks for teacher educators to use in each case, and also a possible template for a lesson which used tasks within each of those domains. 
	We did not elaborate the ways that such lesson templates could be used in teacher education, since we assume that the development and study of lessons is already part of all initial teacher education and many in-service programs and so take it that our suggestions can be incorporated into those existing programs. We also note that, in cultures where there has not been much attention to the study of lessons, the above suggestions can provide a useful starting point.
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